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The linear chemical-physical theory (LCPT) model for liquid metal solution
thermodynamics has been extended to the determination of the liquidus curves for
binary intermetallic compound-forming systems. The equations developed include
corrections to the observed melting point temperature and heat of fusion for com-
pounds that dissociate partially on melting. The primary advantages of the LCPT
model for solid-liquid equilibria are the small number of physically realistic param-
eters required, ease of implementation, and wide applicability. In addition, the model
also permits the incorporation of compounds in modeling the liquidus curves that
are not necessary for representing the liquid-phase thermodynamic properties. For
the seven systems studied, the agreement between calculated and experimentally

measured liquidus curves is quite good.

Introduction

The accurate representation of solid-liquid equilibrium
(SLE)-phase diagrams for binary and multicomponent metal
systems requires a liquid solution model that can represent
accurately the activities and partial molar enthalpies of species
in solution. Liquid alloys exhibit a wide range of thermody-
namic behavior, from strong positive deviations from Raoult’s
law, resulting in liquid immiscibility, to large negative devia-
tions caused by intermetallic compound formation. To rep-
resent adequately the thermodynamic properties of these
solutions, a model must incorporate explicitly the important
characteristics of these solutions. Chemical theory has been
used successfully to model the thermodynamic properties of
liquid metal solutions that exhibit evidence of intermetallic
compound formation (Jordan, 1970, 1976, 1979; Bhatia and
Hargrove, 1974; Bhatia et al., 1974; Predel and Oehme, 1974;
Sommer, 1978, 1982a,b, 1983; Predel, 1979; Alger and Eckert,
1983, 1986a,b; Eckert et al., 1983; Gerling et al., 1983; Stoicos
and Eckert, 1985; Howell et al., 1988; Howell and Eckert,
1988). The linear chemical-physical theory (LCPT) model

Correspondence concerning this article should be addressed to C. A. Eckert.

AIChE Journal September 1993

(Howell et al., 1988) represented a major advance in mini-
mizing the number of model parameters needed to represent
the solution thermodynamics of a wide range of liquid metal
systems.

In this article, the LCPT model is extended to the calculation
of the liquidus curves for several binary compound-forming
metal mixtures. The necessary equations for describing the
phase boundary are developed. Corrections to the observed
melting point and heat of fusion can be quite large and need
to be considered when data are regressed and correlated; these
are calculated based on the degree of dissociation that occurs
on melting. A unique feature of using the LCPT model is that
compounds other than those used to represent the liquid so-
lution thermodynamics can be accounted for in representing
the liquidus curve.

Chemical Theory Approach

The basic feature of a chemical theory model is the as-
sumption that the intermetallic compounds are in dynamic
equilibrium with the atomic elements (or monomers) making
up the compound according to an expression of the form:
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a,'A + b,'B=Aa'.Bb' (1)
for which an equilibrium constant for compound i, K;, can be
defined. The solution (called the true solution) is then treated
as a multicomponent mixture of the monomers and com-
pounds. The activities of the monomers are related to the
experimentally observed activities through an expression de-
rived by Prigogine and Defay (1954):
XiYi =20 2
where x; is the atom fraction of monomer / in the experimentally
observed (or apparent) solution and +; is the experimentally
observed activity coefficient. In the true solution, z; is the true
mole fraction, and ¢; is the true activity coefficient of species
i.
The equilibrium constant for compound i, K, is the product
of a true composition equilibrium constant, X,, and a true
activity coefficient equilibrium constant, K, :

= _a b a4 b

&)

This allows the separation of the excess Gibbs energy into two
contributions, chemical and physical:

gE = ggmem + gghys (4)

The chemical interactions are contained in K, and the physical
interactions are in K. In the LCPT model, the physical in-
teractions are a function of the apparent atom fractions and
are modeled using a single-parameter Scatchard-type expres-
sion (1931):

gﬁhys =Ad,Pp(x404+xp08) )
where A is the physical-interaction model parameter, ®, is the
volume fraction of component / based on the apparent solution
composition, and v; is the molar volume of component i. The
chemical interactions are modeled using a group contribution
approach, in which the Gibbs energies of formation for the
postulated compounds are related linearly to the number of
atoms comprising the compounds:

g{.chcm= —RTIn Kz,v= (ni_ l)Gg (6)
where G, is the single chemical-interaction model parameter,
n; is the number of atoms comprising compound i, and g e
is the Gibbs energy of formation for compound i. Only a single
chemical-interaction parameter is required, regardless of the
number of compounds postulated to exist in the true solution.
Thus, there are only two model parameters for each binary,
G, and A, and, as with other chemical theory models, these
two parameters are determined by fitting experimental activity
coefficient data.

The temperature dependence of the Gibbs energy is also
modeled using the LCPT model by taking the temperature
derivatives of Egs. 5 and 6. Two additional model parameters
are introduced, one chemical and one physical, which are de-
termined by fitting either experimental partial molar enthalpy
data or integral enthalpy of mixing data. For this study, the
temperature dependence of the enthalpies was not considered.
This restriction could easily be relaxed at the cost of introducing
two additional model parameters, but the accuracy of liquid
metal thermodynamic data rarely justify more parameters.

Liquid-Phase Thermodynamic Properties

The LCPT model was used to represent the liquid metal
activities (Gibbs energy) and enthalpies of the systems consid-
ered in this article. Table 1 lists the systems considered, the
compounds postulated to exist in the liquid phase, and the
Gibbs energy and enthalpy model parameters. Table 2 provides
the sources for the experimental Gibbs energy and enthalpy
data.

Solid-Liquid Equilibrium

For simplicity, we assume that the solid phases in equilibrium
with the liquid phase are pure: that is, there is negligible dis-
solution of atomic elements A and B in the solid phases. This
assumption can be relaxed for systems in which solid solutions
form by including the Gibbs energy of mixing in the solid
phase and extending the equations given below.

Determination of the liquidus curves begins by equating the
fugacity of component i in the solid phase to that in the liquid
phase:

Table 1. LCPT Model Parameters for Liquid-Phase Properties

Gibbs Energy Enthalpy
T G, A T H, B
System Compound K kJ/mol 10° kJ/m? K kJ/mol 10° kJ/m?
In-Sb In,Sb 900 —-0.730 —757.5 900 -5.19 —628.8
Cd-Sb CdSb 773 —6.31 77.1 773 -6.16 997.3
Cd,Sb,
Mg-Pb MgPb 923 —-15.04 —318.8 943 -19.14 18.96
Mgzpb
Mg-Sn MgSn 1,073 -14.67 -1,611.0 1,073 -30.46 —224.0
Mg,Sn
Mg-Ge Mg,Ge 1,388 -16.10 —2,766.0 1,388 —47.61 -510.9
Mg,Ge,
Au-Sn AuSn 823 -7.73 -2,639.0 823 —14.36 ~4,544.0
Au,Sn
Ga-Mg GaMg 923 -10.13 -1,356.0 923 —-17.26 -2,124.0
GaMg,
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Table 2. Sources for Liquid-Phase Properties

System Gibbs Energy Enthalpy

In-Sb Hultgren et al. (1973) Hultgren et al. (1973)
Cd-Sb Geffken et al. (1967) Geffken et al. (1967)
Mg-Pb Eckert et al. (1983) Sommer et al. (1980)
Mg-Sn Eckert et al. (1983) Sommer et al. (1980)
Mg-Ge Eldridge et al. (1966) Eldridge et al. (1966)
Au-Sn Hultgren et al. (1973) Hultgren et al. (1973)
Ga-Mg Hultgren et al. (1973) Hultgren et al. (1973)

fi(pure solid) = Zi aiﬁo (7)
where z; is the true mole fraction of component / in the liquid
phase, «; is the liquid-phase true activity coefficient, f7 is the
standard-state fugacity to which o refers, and fjuce solig) is the
fugacity of component i as a pure solid. Prausnitz et al. (1986)
discussed the relationship between the solid and liquid state
fugacities from which the following relationship can be derived
for determining the temperature-composition curve for each
component:

1_1 R,
T_Timp Ah‘;—] n Z;a;

®
where T is the melting point temperature for component i in
solution at a composition z;, 7”7 is the melting point of pure
component i/, and Ak~ is the heat of fusion of pure component
i. Equation 8 is derived assuming that pure / in the solid phase
goes to pure / in the liquid phase with no dissociation. Dis-
sociation on melting produces an equilibrium distribution of
monomers and compounds in the liquid phase, which results
in a melting point depression due to the presence of monomers
A and B. For example, a system with a congruently melting
compound A B at the observed melting point will have the phase
transition:

ABy,=ABy+An+By ®
However, the heat of fusion required for Eq. 8 is for the phase
transition:

AB,=AB,, (10)
When compound AB,,, dissociates partially on melting, the
true melting point is not the observed melting point. Both the
observed heat of fusion and the observed melting point must
be corrected to obtain the true values corresponding to the
phase transition given in Eq. 9.

The corrections to the measured heat of fusion to obtain
the true heat of fusion are calculated easily using the ther-
modynamic cycle shown in Figure 1. The first step, at point
A, is to calculate the mole fraction of all species in solution
at the observed melting temperature and at the bulk compo-
sition x, =a,;/(a;+ b;), that is, the stoichiometric composition
of compound /. Secondly, z;, the true member of moles of
each component, at the observed melting point temperature,
is determined from the LCPT model. Given z;, n;, the true
number of moles of each component is calculated from n,= z;n,
where n; is the total true number of moles in solution. The
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A + B(D) +
AaBp, ()

B

AqaBp, (1)

D

Aa,By, (8)

A

AD +BO +
Aq;Bo, () + Aa By ()

Figure 1. Thermodynamic cycle for correcting observed
heat of fusion.

total number of moles is calculated from an overall mass bal-
ance on the true solution: n,y=1/X(a;+ b))z,

The objective of the thermodynamic cycle is to determine
the true heat of fusion by ‘‘creating’’ theoretically a pure
solution of compound i. To do this, all compounds, except
for the compound of interest—compound i—are dissociated
into monomers (points A—B), and then all monomers in the
solution comprising monomers and compound / are associated
to form compound / (points B—C), thereby forming a pure
solution of compound i. Point C—D represents the phase
transformation of interest, Eq. 10. The lower limits on Egs.
11, 12, and 13 explicitly denote that compound i/ is excluded
in these solution ‘‘transformations.’’

The enthalpy change from point A4 to B, in which all com-
pounds except for compound i are completely dissociated, is:

AR TB= — N nAh] amn

where Ah,[ is the enthalpy of formation of compound j in the
liquid phase. The enthalpy change from point B to C, in which
all the free monomers are associated to form compound i is:

N
AhB_‘C——' - Z njajAh,/-

i=1
J#i

(12)

The enthalpy change from point D to C is the true heat of
fusion, Ahjy;.., which has units of kJ/(mol 4,B,). The en-
thalpy change from point D to A is the experimentally observed
heat of fusion, Ah{5,, which has units of kJ/g-atom. Summing
the enthalpy changes for each of the four steps in the ther-
modynamic cycle, the true heat of fusion is:

N Aht
Ahigie= (a;i+ by) [Ah,‘-,:ds +,m (a,» T‘— Ah] a3
j=3 i
J#Ei

The enthalpy change from point D to C should be evaluated
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Table3. LCPT Model Phase Diagram Representation Results

Observed True

Tmp Ahfus Tmp Ahrus

System Compound K kJ/mol K kJ/mol
In-Sb InSb 798 23.97 959 47.99
Cd-Sb CdSb 729 16.11 917 32.22
Mg-Pb Mg,Pb 822 13.39 893 40.21
Mg-Sn Mg,Sn 1,043 18.62 1,177 55.86
Mg-Ge Mg,Ge 1,391 23.14 1,615 69.45
Au-Sn AuSn 692 14.10 945 38.37
AuSn, 607 10.75 789 47.40
AuSn, 550 9.41 592 50.17
Ga-Mg GaMg 646 7.78 959 33.43
Ga,Mg 560 7.87 617 49.04
GaMg, 723 8.12 971 42.47
Ga,Mg; 743 6.86 833 62.42

at the true melting point temperature; however, since we have
assumed that AC;;" is small, it is a good approximation to
evaluate this difference at the observed melting point.

If the observed heat of fusion is not available, the entropy
of fusion can be estimated using the procedure outlined by
Kubaschewski and Alcock (1979), and the heat of fusion can
be calculated knowing the observed melting point temperature.

Once a value for the true heat of fusion has been calculated,
the true melting point of compound i is calculated from Eq.
14:

1 1

_— ——Inz o
mp mp s—1 U]
T},true Ti,obs Ah itrue

(14

In the limit where compound i does not dissociate on melting,
Eq. 14 reduces to 7,15 — T;%ohs; however, for the case when i
almost completely dissociates on meiting, the true melting point
can be several hundred degrees greater than the observed melt-
ing point.

The crucial contribution of the LCPT model is linearization
of the free energy such that there is an explicit relationship
between the Gibbs energy of formation (and enthalpy of for-

mation) and the number of atoms that comprise a compound.
The physical interactions are a function of the apparent so-
lution composition only. This relationship permits the inclu-
sion of compounds necessary for accurate determination of
the liquidus curve which were not necessary in determining the
liquidus-phase properties, with no new parameters.

Phase Diagram Representation

The liquidus curve for a system is calculated from Eq. 8
after corrections to the observed heat of fusion and melting
point for each compound have been made. All z,(7) and o;(T)
are calculated from the LCPT model equations at the liquidus
temperature. Because the equations are coupled through T
and z;oy, an iterative calculation is required. The procedure
used to calculate the liquidus temperature at a given atom
fraction is initiated by calculating z; and «; at an assumed
melting point temperature for each species in the true solution
using the LCPT model. With this, the melting point temper-
ature for each species is then calculated using the true melting
point and heat of fusion. If the assumed and calculated tem-
peratures are the same, then the iteration is complete. If the
temperatures are not the same, then another iteration is done
using a modified assumed temperature. Convergence is usually
rapid. Finally, the liquidus curve is constructed by calculating
the temperature-composition curves for all compounds and
monomers using Eq. 8 and at a given atom fraction selecting
the maximum temperature of those calculated.

Table 3 lists the results for the seven binary systems studied
and Table 4 lists the sources for the SLE properties. The cal-
culated liquidus curves for the seven binary systems are shown
in Figures 2-8. Only compounds that are evident in the liquidus
curve were considered in the SLE calculation. For example,
two compounds were used to model the liquid-phase ther-
modynamic properties in the Mg-Pb system (MgPb and
Mg,Pb), but as seen in Figure 4 only the effect of Mg,Pb is
evident; therefore, this was the only solid-phase compound
used in the evaluation of the phase diagram.

The LCPT model allows for the inclusion of additional

Table 4. Sources for Solid-Liquid Equilibria Properties

System Compound AW™ and T™ Phase Diagram
In-Sb InSb Hultgren et al. (1973) Liu and Peretti (1952)
Cd-Sb CdSb Kubaschewski and Alcock (1979) Fisher and Phillips (1954)
Mg-Pb Mg,Pb Beardmore et al. (1966) Raynor (1940); Horsley and Maskey (1957); Eldridge et al. (1965)
Mg-Sn Mg,Sn Beardmore et al. (1966) Steiner et al. (1964)
Mg-Ge Mg,Ge Estimated* Geffken and Miller (1968)
Au-Sn AuSn Misra et al. (1965) Massalski (1986)
AuSn, Estimated**
AuSn, Estimated**
Ga-Mg GaMg Hultgren et al. (1973) Massalski (1986)
Ga,Mg Hultgren et al. (1973)
GaMg, Hultgren et al. (1973)
Ga,Mg; Hultgren et al. (1973)

* The observed melting point temperature for Mg,Ge was obtained from Massalski (1986). The entropy of fusion was estimated using the procedure outlined in
Kubaschewski and Alcock (1979) and the heat of fusion calculated using the observed melting point temperature.

** The hypothetical meiting point temperatures for AuSn, and AuSn, were estimated by adding 25°C to the incongruent melting point temperatures obtained from

Massalski (1986). The entropies of fusion were estimated using the procedure outlined in Kubaschewski and Alcock (1979) and the heats of fusion calculated

using the hypothetical melting point temperatures.
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Figure 2. Phase diagram for the indium-antimony sys-
tem.

compounds in the determination of the liquidus curves that
are not required for the determination of the liquid-phase
properties. Two systems that demonstrate this behavior are
the Au-Sn (Figure 7) and Ga-Mg (Figure 8) systems. The phase
diagram of the Au-Sn system has a single congruently melting
compound (AuSn) and two incongruently melting compounds
(AuSn, and AuSn,), which substantially affect the liquidus
curve. As shown in Table 4, the observed heat of fusion and
melting point temperature for the AuSn were obtained from
Misra et al. (1965). The hypothetical heat of fusion and melting
point temperatures for the compounds AuSn, and AuSn, were
estimated by approximating the melting point temperature first
for the compounds by adding 25°C to the incongruent dis-
sociation temperature. Using the procedure outlined in Ku-
baschewski and Alcock (1979), the entropy of fusion for these
compounds was estimated and the apparent heats of fusion
were estimated using the hypothetical melting point temper-
ature. Figure 7 shows that the agreement between the exper-
imentally measured liquidus curve and the calculated one is
surprisingly good despite the approximations required.

The SLE phase diagram for the Ga-Mg system is very in-
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Figure 3. Phase diagram for the cadmium-antimony sys-
tem.
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Figure 4. Phase diagram for the magnesium-lead sys-
tem.

teresting and relatively easy to model. All of the compounds
that affect the liquidus curve melt congruently, and the heats
of fusion for these compounds have been determined experi-
mentally; therefore, neither the melting point temperatures nor
the heats of fusion had to be estimated. The discrepancy be-
tween the experimentally measured liquidus curve and the cal-
culated one could come from three sources:

(1) Errors in modeling the liquid-phase thermodynamics

(2) Errors in digitizing the phase diagram [no tabular data
were available for this phase diagram; therefore, the data shown
in Figure 8 were from a digitization of the phase diagram in
Massalski (1986)]

(3) Experimental uncertainties.

The predominant source of error in the determination of
the liquidus curves for the systems considered here is the wide
range of temperatures over which the liquid-phase thermo-
dynamic functions are calculated. To calculate the phase dia-
gram, large-temperature extrapolations, usually down to the
lowest eutectic, were required, resulting in the LCPT model
predictions representing a large correction. Small changes in
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Figure 5. Phase diagram for the magnesium-tin system.
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Figure 6. Phase diagram for the magnesium-germanium
system.

1.0

the LCPT model parameters can affect greatly the calculated
curves where such large temperature extrapolations are re-
quired. Also, we have assumed the heat of formation for the
compounds, and the heat of fusion are independent of tem-
perature. This assumption will also account for some of the
discrepancy. In light of the simplifying assumptions we have
used and the results obtained, we feel that the agreement is
quite good.

Discussion

In this article, we have used the LCPT model to determine
the liquidus curves for several compound-forming alloy sys-
tems. The basic assumptions in this treatment are that the solid
phases in equilibrium with the liquid phase are pure, and the
heat of fusion and liquid phase heat of formation for a com-
pound are independent of temperature. These assumptions can
be relaxed to treat more general cases at the cost of increasing
the complexity of the resulting equations.

Expressions have been developed for correcting the meas-
ured heat of fusion and melting point temperature for the
effects of compound dissociation on melting. We have found
that the true melting point can be several hundred degrees
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Figure 7. Phase diagram for the gold-tin system.
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Figure

greater than the observed melting point, while the effect of
the heat of fusion is less pronounced.

An analysis of the entropies of fusion, determined by di-
viding the enthalpy of fusion by the melting point, for the
compounds in this model indicates that the entropies are gen-
erally higher than for most monatomic metals, 10-30 J/K vs.
approximately 10-14 J/K. This is an indication that there are
larger structural changes upon compound melting than for
monatomic solids. In addition, these structural changes pro-
duce a more random structure. As denoted in Figure 1 (D—A4),
this is the case in that not only does compound / melt (as does
a monatomic solid), but additionally it dissociates, and a por-
tion of the monomers reassociates into other compounds. The
latter two structural changes are not present in the phase trans-
formation of a monatomic solid. An analysis of the true so-
lution composition as a function of the bulk atomic composition
for a specific alloy shows (Howell and Eckert, 1987): (1) the
solutions are primarily composed of monomers; (2) the amount
of each compound present peaks at its stoichiometric com-
position; and (3) the total amount of any one compound in
solution, even at its stoichiometric composition, is inversely
proportional to the size of the compound. This indicates that
upon melting the liquid solution is more random, in that it
comprises smaller species.

The LCPT model offers a simple, easy route to determining
a number of thermodynamic properties with a minimum of
physically realistic parameters. The model is built on a de-
scription of the important interactions present in many liquid
metal solutions. The more commonly used methods for mod-
eling the thermodynamic properties are usually based only on
simple, empirical excess Gibbs energy expressions [such as the
Guggenheim strictly regular solution theory (Guggenheim,
1952)], which often require many model parameters (rarely
justified by the precision of liquid metal data) to represent
accurately the thermodynamic properties (Mackowiak, 1965;
Gaskell, 1973). Therefore, extrapolation with the more com-
mon models is more tenuous compared with the more physi-
cally based LCPT model. In addition, since both chemical and
physical interactions are included in the model, we are able to
represent a wide range of liquid metal systems with a minimum
gf rpodel parameters, resulting in the determination of the

quidus curves for each of these systems.
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Thus, the primary advantages of the LCPT model for the
description of SLE, compared with other techniques (for ex-
ample, Kaufman and Bernstein, 1970), are the few number of
physically realistic parameters required, ease of implementa-
tion, and wide applicability. When representing the liquidus
curve, the LCPT model formulation is quite simple and pro-
vides an accurate description for systems ranging from those
with single, congruent melting compounds to systems with
multiple, congruently and incongruently melting compounds.

The LCPT model is useful especially for systems in which
multiple compounds affect the liquidus curve, yet have a neg-
ligible effect on the liquid-phase properties. The model allows
for the easy incorporation of compounds in representing the
liquidus that are not necessary for representing the liquid-phase
thermodynamic properties quantitatively.

The model could easily be extended to the determination of
the multicomponent SLE. Howell and Eckert (1990) have pre-
sented the equations necessary for representing the liquid-phase
thermodynamic properties of multicomponent alloys. It is an
easy task to extend these equations, using the techniques pre-
sented here, to the representation of SLE.

Lastly, the LCPT model could be very easily modified to
represent the excess functions of solid-phase species, allowing
the representation of phase diagrams in which there is extensive
solid-phase intermetallic compound formation.
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Notation
a, b = stoichiometric coefficients
A = interaction parameter, Scatchard equation, J/cm®
f = fugacity, bar
f? = reference state fugacity, bar
g = Gibbs energy, J
G, = chemical interaction model parameter, J
AC3™' = heat capacity difference between solid and liquid, J/K
AR*~! = enthalpy of fusion, J
Ak’ = enthalpy of formation, J
AR*~% = enthalpy change from point A to point B, J
K = equilibrium constant
n = true number of moles
R = gas constant, J/K-mol
T = temperature, K
T™ = melting temperature, K
v = molar volume, cm?®
x = bulk (apparent) mole fraction
z = true mole fraction

Greek letters

o = liquid-phase true activity coefficient
v = liquid-phase apparent activity coefficient
$ = volume fraction
Subscripts
chem chemical interactions
(€)) liquid

obs = observed

phys physical interactions
(s) solid
true true

AIChE Journal

Superscripts
E = excess
f = fusion
mp = melting point
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